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1. Discrete and Continuous Momentum 2. Intertwined Roles of y and f
Setup: F:R” - Ry, — differentiable loss function Acceleration Rule: y - p*-y + p—>1-p(1-p) ~—p pspeed-up
*y >0 — step size e #€[0,1) — momentum parameter s -
" , . 0_ d; o Corollary. Let MGD(y, ) initialized at wy = w; € R” correspond to the
*4 >0 key quanuty &> 1 — diserelization step discretization of MGF(4) with d.s. e. For p > 0, consider the parameter couple
MGDy, Bl: wipr = we =y VEW) + Bw, — wi_y) p=p’vand f=1—-p(l —p) ~5_1 . Then, MGD(7, §) initialized at (wy, wy) again
: : . . becomes the discretization of MGF (1) but with discretization step € =p - €.
VF locally Lipschitzg, s
MGE(A): 4%, +w, + VF(w,) =0 smocomemmomnrinemrs ool Umqu[g Sih“;(m
on |0, + oo . . . . i
Discretization Scheme: Optimization Regimes: The link betwee.n /1,.}/, and f |
Wear = 2We Wiy W — Wi Large p: $ 1> 1: Heavy oscillations + arbitrary slow convergence
2 + - + VF(w) =0 Small y: $» 1 < 1: Gradient flow trajectory
) Non-Degenerate A: —p The momentum regime
Proposition. For (wy, w;) € R*?, consider MGF(Z) with 1 = 4 > mnitialized {/..._.Fully Connected Deep mear_\
(I=5) Teacher-Student 1-Hidden-Layer Network
at w,_g = Wy, W,_g = (W; —wy)/e where e = y/(1 — ). Then, the above - Rel.U Network ) S
discretization scheme with d.s. € leads to MGD(y, ) inttialized at (wy, w)). 102 0910 Test oS
Test Losses
FError Bounds: Unnecessarily pessimistic max |w, — w(ke) | < exp(CK) - € ' - o 060
ke[K] I
M)GD vs. (M)GF over a 2D Quadratic e v ~0.66
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. B Y | % ) 4. Continuous-Time Results
Iterations
Implicit Bias of MGEF(4): oMF = argming.¢ sD,, (6,6,

——3. Momentum on Diagonal Linear Networks—— | Asymptotic Balancedness: A, = 40 © exp (=(/, + 1))

~

1
, Perturbed Ininalization: 6, =— (w2 © exp(—=2L,) — w? ., © exp(—2I_ )
Data: Sparse and underdetermined sample (x;, y,)", r fritadization:—to =77 {"+o p(=2L) —wZ p( )

d — * * . ~ . .. .
5 €RYLy;=(07,x), n<d, 67 — s-sparse [oxperimentally: 6y is negligible and M5 » argming.c qw, (07).
§ = 0F + span(x,, ..., x,)"—set of interpolators
Architecture: 2-layer diagonal linear neural network iGradient flow initialized at Simulate.
V = diag(v) € R (uo =V AOO’VO = O) and (MO = O’VO = O) S ~b' ||‘9MGF - ﬁffllz/llé’ffllz <1
fu(x) =(uOwv, x) converges to QEF = argmiNg.. 091//%(9*).
Q Q&Rd (u) o 2
Q Q v Useful quantities: w, =u v Theoretlcally: If Vi€ [0,+ 0], A, > 0, then I, = — /IJ ( i’t> dr > 0.
@€ R . . . — - W
Regressmn setting with 6 = u © v reparametrization! 0 !
Q O n m~+ A_,0, = O(@?). Hence, for small initializations, A_, §, < 6*, V6* € S.
Non-convex loss: Fiw) = L(u @ v) = (y; — {x, u @ v))?
2n Z:‘ l l (9* 00) ~ g0 Wa_(0%) x4 10711, -m--& Sparse solutions!
MGE an hastic MGD:
Gltand Stochastic MG Imitiahization ety Since A < Ay, we expect OMGF o be sparser than 6F!
‘Neurons I ETR _ Cl) Ay # 0 < 2d degrees of freedom .
( / Al + i +VL0) 0 v, =0 B o ° Small 4 Regime: / MGF Test Loss vs. Balancedness \
AV, +v, +VZO)0u =0 (C2) Zero initial speed: ity = vy =0 5 -le-2
Initializati o) a = max(llugll, vl aF 7l A b le-41 Ay >0 forall t € [0,00] |
. nitialization scale 1= : ;
! ey = W =Y VL5 (0) O v+ pluy — wy_y) IO or 4 < 1113 (gl[lcg 0.)- the 5 ]
- Vi1 =vk_VVZ@k(ek)@uk-l-ﬂ(vk—vk_l) | éssulﬂllptl(;?s: o | f balancedness never Val’liShGS!k % :C;
, _ _ . (boundedness ¢ optimization trajectory o ‘ n -
(Predictors) 0, =uOv,and , = u, O v, MGF and SMGD is bounded. [ i
R 2 2 d al-« Va¥s \Q ! 0 +J
(Balancedness) A, :=|u—v;| € RZO 2. (Balancedness) The asymptotic balancedlﬁless Also, A2~ A% exp [ —24 [ V@) ). E _
Ak = | ”kz _ V13| c Rd » Of MGF and SMGD has nonzero coordinates. 0
P S T R T A o S R D N T S Bty s C NI PE B A Recall—*—m 2 RIS O e ] le-6 ] -le-4
Mirror Map: o : IRd — R — C%smooth, strictly convex, coercive gradient \Gf‘f‘(j‘eﬁt(;bw 0.1 A 0.4 /

Bregman Divergence: Dg(0,,60,) = ®(0,) — ®(0,) — (VP(0,),0, — 0,) > 0, VO, # 0,

d o o

Hyperbolic Entropy: For A € RY ), y,(0) = %Z <29iarcsinh <2Aei > — /407 + A2 + Al-) RS R 6 DlSCI‘Gte - Tlme Re SUltS
i=1 i

log(4/A) 1 Implicit Bias of SMGD{y, g: 6°M6P = argming.c D, (6*,6,)

> |-l and YA ~YAstoo —|| - |l

2A
Implicit Bias of Gradient Flow (4 = 0): 6°" = argming.c¢D,,, (0%, 6))

Importantly, y, ~A_¢
Asymptotic Balancedness: A = A, © exp (—(S L+ S_))

.1
Perturbed Initialization: 6, =— (wi,o © exp(—2S,) — w2, 0 eXp(—2S_)>

Small In}itialization: Ay, 0y = O(a?) < 6*, s0 DWAO(G*, 00) ~ a0 Wa,(0) x4 1071l 4
‘ Recovery of sparse interpolators! «-—-} - Z [ (W;’k“) 4 ﬂr(wwi’k > . where r(2) = (z= 1) =In(|z]) forz £ 0
+.k +,k+1
5 . Time_varyin g MiI’I‘OI’ FIOW Experlmentally: Again 6, is negligible and @>MGD o, argmin. Cgl//Aoo(Q*).
Proof Strategy: Show that 3 time T > 0, after which the predictors 6, follow T'heoretically: If the iterates w, ; do not change signs, then S, > 0 and A < A,.
a momentum mirror flow with time-varying potentials ®,. m_b A0, = 0@ + A0, < 0% YO* €S ~B Sparse solutions for small a:
EVe0,)  dVW0) s R sparser than 6°F
A Aliaur — L 4 VZB)=0,50 VD_(,) — VDb, € span(x,, ..., x,). Test Loss MGD A 6"
e < i s 10 3] . 0, ™

-m} Find éo such that VCDOO(éO) = V@ (6,).

M’b Use the Bregman Cosine Theorem + 6* — 9MSF € span(x,, ..., x,)* to conclude:
Dg_(6*,0,) = Dg_(6*,0M5F) + Dy, (OMF, ;).
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